Abstract-This paper presents the design of a robust beamforming scheme for a two-way relay network, composed of one multi-antenna relay and two single-antenna terminals, with the consideration of channel estimation errors. Given the assumption that the channel estimation error is within a certain range, we aim to minimize the transmit power at the multi-antenna relay and guarantee that the signal to interference and noise ratios (SINRs) at the two terminals are larger than a predefined value. Such a robust beamforming matrix design problem is formulated as a non-convex optimization problem, which is then converted into a semi-definite programming (SDP) problem by the Sprocedure and rank one relaxation. The robust beamforming matrix is then derived from a principle eigenvector based rankone reconstruction algorithm. We further propose a hybrid approach based on the best-effort principle to improve the outage probability performance, which is defined as the probability that one of two resulting terminal SINRs is less than the predefined value. Simulation results are presented to show that the robust design leads to better outage performance than the traditional non-robust approaches.
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I. INTRODUCTION
In the next-generation wireless communication systems, smart relaying is one of the key technology that is being investigated to extend the cell coverage and to increase system capacity. For example, relaying will be standardized for the Long Term Evolution-Advanced (LTE-A) wireless systems, In perticular two-way relaying has drawn a great amount of attentions where multiple terminal nodes utilize common relays to perform two-way information exchanges [1] - [5] . Since the relays usually operate in the half-duplex mode where they cannot transmit and receive simultaneously, the required physical spectrum resource (in terms of the number of time slots or frequency bands) is usually increased. Fortunately, by mixing the data at the relay and exploiting the underlying selfinterference property in two way relay system [1] , we could reduce the number of required transmission time slots and thus improve the spectral efficiency.
Specifically, the authors in [4] , considered the beamforming design at the relay and characterized the capacity region with the assumption that the relay is equipped with multiple antennas and the terminal nodes are each equipped with a singleantenna. Afterwards, different variations and various system setups were considered. For example, the authors of [5] studied the achievable rate region for the two-way collaborative relay beamforming problem, where multiple collaborative single relays were considered. The authors in [2] studied the AFbased two-way relay system with collaborative beamforming, where the focus is to minimize the total transmit power across the terminal nodes and the relay cluster under a given pair of SINR constraints. In [3] , the authors studied the case where all the nodes in the network are equipped with multiple antennas and proposed some suboptimal solutions.
However, all the above results on beamforming design for the two-way relay system are based on the assumption that the channel state information (CSI) at all links are perfectly known. Unfortunately, this assumption may not be true in practice, since CSI can only be obtained by channel estimation, which is usually not perfect. As a result, in this paper we consider the robust two-way relay beamfroming under channel uncertainty where the SINR at each terminal is constrained to be larger than a predefined value. Similar problems for oneway relay robust beamforming were studied in [6] and [7] for single-antenna relays was further extended to multiple antenna in [8] .
The rest of paper is organized as follows. In Section II, we present the system model and formulate the problem. Afterwards, we transform the original non-convex problem into a SDP problem in Section III with the help of the Sprocedure and rank-one relaxation. In Section IV, we propose the principle eigenvector based rank-one reconstruction approach to obtain the beamforming matrix. In Section V, simulation results are presented to show the performance improvement. In Section VI, we conclude the paper.
The notations used in this paper are listed as follows. We define (·) T , (·) H , (·) * as the transpose, Hermitian transpose, and conjugate operations, respectively. (·) is the real part of a complex variable. We use tr(·) and rank(·) to represent the trace and the rank of a matrix, respectively. A diagonal matrix with the elements of vector a as the diagonal entries is denoted as diag(a). A 0 means that A is positive semi-definite, stands for the Hadamard (elementwise) multiplication, ⊗ denotes the Kronecker product, vec(A) means vectorization of matrix A, ivec(a) is the inverse operation of vec(A) to recover A, I M and O M are the identity matrix and zero matrix of dimension M , respectively, and 1 M ×1 is the all one column vector of dimension M .
II. SYSTEM MODEL
We consider a two-way relay system similar to the one given in [4] , which includes the relay R and two terminal nodes S1 , the two terminal nodes exchange information in two consecutive time slots via the help of relay R. In the first time slot, S1 and S2 send message s 1 and s 2 with power p 1 and p 2 respectively to R, and the received signal at R is given as
where h 1 , h 2 ∈ C M ×1 are complex channel gains from the terminal nodes S1 and S2 to the relay respectively, and z R is the criculant symmetric complex Gaussian (CSCG) noise with covariance σ 2 R I. In the second time slot, the relay R multiplies a beamforming matrix A to the received signal y R and transmits the resulting vector Ay R to the terminal nodes. Based on the assumption of channel reciprocity [5] , the received signals at S1 and S2 are given as
where z 1 and z 2 are the CSCG noises at S1 and S2 with variances σ 2 1 and σ 2 2 , respectively. Ideally as in [4] , now S1 and S2 need to cancel out the self-interference terms h (2) and (3) and using the fact that the amplitude of channel estimation error is usually much smaller than the estimated channel gain, the second order terms of the channel estimation errors can be neglected. Therefore, y 1 and y 2 can be simplified as (4) and (5). The corresponding transmit power at the relay R is given by
In addition, the SINRs at S1 and S2 are given by (7) . In order to guarantee the SINR requirements at both S1 and S2 in the presence of channel uncertainty, the SINRs are desired to be greater than or equal to γ 1 and γ 2 , respectively, with all possible estimation errors. Since we assume the estimation errors are bounded, i.e., Δh 1 ≤ 1 , Δh 2 ≤ 2 , the problem can be formulated as follows.
which could be equivalently recast as
Definition 1: Given the SINR thresholds γ 1 and γ 2 , define the system outage as the event that the resulting SINR 1 < γ 1 or/and SINR 2 < γ 2 .
III. SDP FORMULATION WITH RANK-ONE RELAXATION
In the optimization problem Q 1 , the number of constraints is essentially infinite, since Δh 1 and Δh 2 are of continuous complex values. As a result, problem Q 1 cannot be solved directly. Therefore, we need to transform the original problem into an effectively solvable problem of finite dimensions by applying the following theorem [9] .
Theorem 1 (S-procedure): Given Hermitian matrices A j ∈ C n×n , vectors b j ∈ C n , and numbers c j ∈ R, define the functions
The following two conditions are equivalent.
2) There exist λ 1 , λ 2 ≥ 0 such that
Some details about S-procedure can be found in [10] and its applications can be found in [6] . Based on the S-procedure, we first need to transform the constraints of problem Q 1 into the quadratic forms in terms of Δh 1 and Δh 2 . We then transform the constraints into linear matrix inequalities (LMIs). Let us define following notations:
and Let α 1 be the numerator of SINR 1 (as given in (7)).
T vec(A), we could write α 1 as
After some mathematical manipulations α 1 can be rewritten as
where
Similarly, the denominator of SINR 1 , denoted by β 1 , can be written as
Now, we rewrite constraint (9) as
. According to the S-procedure in Theorem 1, the above quadratic three-inequality system in equivalent to the following LMI:
Similarly, for SINR 2 , we have
and
. In a similar way, constraint (10) could be shown equivalent to
A. Principle Eigenvector Rank-one Approximation
Since matrixĀ * is Hermitian, we haveĀ
, where u 1 is the column vector in U that corresponds to the largest eigenvalue. In general, this approach is suboptimal unless Rank(Ā * ) = 1. However, this approach is easy to implement with reasonably good performance, which will be shown in Section V. In the journal version of this paper, we will further consider the randomization based approach given in [12] , which may lead to better averaged performance.
B. Outage Consideration: A Hybrid Approach
Besides the feasibility-caused outage, we have another source of outage if the above principle eigenvector based rankone approximation leads to a solution that does not satisfy the SINR constraints in (13). This happens more often when the largest eigenvalue is not dominating the others. To reduce the overall outage probability, we propose the following hybrid approach :
1) Solve problem Q 3 , if it is feasible, obtain A * = ivec(u 1 ).
2) If problem Q 3 is not feasible, adopt the non-robust approach given in [4] . The hybrid inclusion of the routine in 2) is motivated by the observation that the feasibility of the non-robust formulation is easier to satisfy given the less number of constraints.
V. SIMULATION RESULTS
In the simulation, we make the following assumptions: 1) All nodes have unit noise power; 2) than power values p 1 and p 2 are 10 W; 3)ĥ i ∼ CN (0, I),
jθ , i = 1, 2, where a i is uniformly distributed in [0, i ] and θ is uniformly distributed over [0, 2π]; and 4) to set 1 = 2 . We compute the outage probability over 1000 channel realizations.
First, we show the relationship between the overall outage probability and the error bound. We compare the hybrid approach against the non-robust approach by assuming that the number of relay antennas is four. As we see in Fig. 2 , a significantly smaller outage probability is achieved with the robust approach. In particular, when the error bound 1 and 2 are large, the outage probability almost remains the same as the error bound changes. When the error bound decreases to a certain critical point, the outage probability decreases significantly with the error bound. To further understand this phenomenon, we decompose the outage probability into two parts. One is the probability that problem Q 3 is infeasible, denoted as P 1 and shown by the solid curve with squares in Fig. 3 . The other is the conditional outage probability P 2 given that problem Q 3 is feasible, shown by the solid curve in Fig. 3 . As we see, P 1 increases when error bound increases, since it is more difficult for the robust approach to find feasible solutions given larger channel uncertainty. When the problem is feasible, the conditional outage probability P 2 is low compared to the nonrobust approach. Interestingly, we see that P 2 first increases and then decreases when error bound decreases. The overall outage probability is given as P 1 + P 2 − P 1 P 2 ≈ P 1 + P 2 . As we see from Fig. 3 , the sum of P 1 and P 2 almost remains constant when the error bound is larger than 0.1. As a result, the overall outage probability almost remains unchanged till the error bound decreases to some critical point, after which the outage probability decreases significantly with the error bound. In our future work, we will further investigate this interesting behavior of P 2 and find out the conditions under which the rank-one solution exists. In addition, in Fig. 4 , we show the relationship between the outage probability and the number of relay antennas. The error bound is now fixed to be 0.01. As we see, the outage probabilities for both the robust and non-robust approaches decrease. This is due to the fact that higher spatial dimension offers a higher degree-of-freedom.
VI. CONCLUSION
In this paper we proposed the robust beamforming approach under realistic channel estimation conditions (i.e., with estimation errors) for a two-way relay system with analog network coding. By using the S-procedure, the original constraints with infinite dimensions are converted to several LMIs and then the relaxed SDP is solved by applying rank-one relaxation. A principle eigenvector based rank-one reconstruction approach is proposed to reconstruct the solution. To reduce the outage probability, we further proposed a hybrid approach that incorporates the non-robust approach when robust problem formulation is infeasible. Simulations are conducted to show that the proposed hybrid approach leads to significant improvement in terms of outage probability over the non-robust one.
